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Abstract 

Let {M,g) be a complete noncompact Riemannian n-manifold (n > 2). If there exist positive 
constants a, t and /3 such that 



where ||m||i,t = l|V^M||£n(M) + '!"||m||z,»(m), then we say that Trudinger-Moser inequality holds. Sup- 
pose Trudinger-Moser inequality holds, we prove that there exists some positive constant e such 
that Volg(B v(l)) > e for all x e M. Also we give a sufficient condition under which Trudinger- 
Moser inequality holds, say the Ricci curvature of (M, g) has lower bound and its injectivity 
radius is positive. Moreover, Adams inequality is discussed in this paper. For application of 
Trudinger-Moser inequalities, we obtain existence results for some quasilinear equations with 
nonlinearity of exponential growth. 
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1. Introduction 

Let be a smooth bounded domain in R" (« > 2) and C^{Q.) be a space of smooth functions 
with compact support in Q. Let W"'''{Q.) be the completion of CJ^(Q) under the Sobolev norm 



Assume that m is an integer satisfying I < m < n. Then Sobolev embedding theorem asserts 
that Wq'''{Q.) ^ Lf'ifl), \ < q < np/(n - mp). Concerning the limiting case mp - n, one has 
Wq'"'"\Q) ^ LHQ.) for all ^ > 1. But the embedding is not valid for ^ = oo. To fill this gap, it 
is natural to find the maximal growth function g : M — > such that 





(1.1) 
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In the case m — 1, Trudinger (38'] and Pohozaev found independently that the maximal 
growth is of exponential type. More precisely, there exist two positive constants ao and C de- 
pending only on n such that 



<i Jn 



sup ( e"'»l"l'^t/x < C|Q|, (1.2) 

«ew'-°(n),l|«|L 



where |Q| denotes the Lebesgue measure of Q. Moser H30I1 obtained the best constant a„ - 
nw^'^'" such that the above supremum is finite when ao is replaced by a„, where (y„_i is the 
area of the unit sphere in R" . Moser' s work relies on a rearrangement argument iIitIi . In literature 
the kind of inequalities like ( 11.2b are called Trudinger-Moser inequalities. 

Adams generalized inequality ( 11.2b to the case of general m : 1 < m < n as follows. For 
any u e W'^''"^"'{Q.), the Z-th order gradient of u reads 

IA^M, if Z is even, 
(1-3) 
VAt^m, if I is odd, 

there exits a positive constant Cm,n such that 

sup r /"'"I'^t/x < C,„,„|Q|, (1.4) 

„£H'-"""(n),||«||^,,„„„^^<i-'" 

where /3o is the best constant depending only on n and m, namely 

„ „ , ^ '-..-i i r((«-m+i)/2) J When m is odd 
Bo = PQ(m.n) :- < „ (1.5) 

\^\Ig^^ ^^^n mis even. 

\ L r((«-m)/2) J 

The inequality ( 11.4b is known as Adams inequality. Adams first represented a function u in terms 
of its gradient function V"'m by using a convolution operator. Then using the O'Neil's idea Oil] 
of rearrangement of convolution of two functions and the idea which originally goes back to 
Garcia, he obtained ( 11.4b . 

There are many types of extensions for Trudinger-Moser inequality and Adams inequality. 
One is to establish such inequalities on the whole euclidian space K". Cao |8] employed the 
decreasing rearrangement argument to prove that for all a < An and A > 0, there exists a constant 
C depending only on a and A such that for all u e W''^(E^) with j^^ \Vu\^dx < 1, u^dx < A, 
there holds 



r (e''"'-l)dx 

Jr- 



< C. (1.6) 



His argument was generalized to n-dimensional case by do 6 [ 12] and Panda fs?] independently. 
Later, Adachi-Tanaka [JJ gave another type of generalization. All these inequalities are subcrit- 



ical ones since a < a„. It was Ruf ||35[] who first proved the critical Trudinger-Moser inequality 
in the whole euclidian space and gave out extremal functions via more delicate analysis. This 
result was generalized to n-dimensional case by Li-Ruf |25] through combining symmetriza- 
tion and blow-up analysis. Subsequently, using the decreasing rearrangement argument and 
Young's inequality, Adimurthi-Yang [4] derived an interpolation of Trudinger-Moser inequal- 
ity and Hardy inequality in M", which can be viewed as a singular Trudinger-Moser inequality. 
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Another kind of singular Trudinger-Moser inequality was recently established by Wang- Ye 113911 
through the method of blow-up analysis. 

Substantial progresses on Adams inequality in M" was also made recently. Following lines of 
Adams, Kozono et al. |19] obtained subcritical Adams inequality in the whole euclidian space 
M". Based on rearrangement argument of Trombetti-Vazquez [37.] . Ruf-Sani 1,36,1 proved the 
critical Adams inequalities in R" as follows. Let m be an even integer less than n. Assume that 
") and ||(-A + /)'"^^M||^n/-i.(R») < 1. There exists a constant C > depending only on 



ueW 



-m,nlm. 





n and m such that 



i={) 



k\ 



dx < C, 



where j is the smallest integer great than or equal to n/m. 

Another extension is to establish Trudinger-Moser inequality and Adams inequality on com- 
pact Riemannian manifolds. Let (M,g) be a compact Riemannian «-manifold. For u e W''"(M), 



it was shown by Aubin 151] that exp(a|M 



n/(«-l)||„|r«/("-l) 
"Wi-"(M) 



) is integrable for sufficiently small a > 



which does not depend on u. In fact, this is an easy consequence of Trudinger-Moser inequality 
and finite partition of unity on M. Let a be the supremum of the above ff's. It was first found by 



Cherrier |9] that a - a„. Cherrier lllOll obtained similar results for u e W„,^„/„,{M). Following 
the lines of Adams, Fontana f]3\ obtained critical Adams inequality on (M,g). In 1997, using 
the method of blow-up analysis. Ding et al. ifTlll established a nice Trudinger-Moser inequality 
on compact Riemannian surface and successfully applied it to deal with the prescribed Gaussian 



curvature problem. Adapting the argument of Ding et al., Li 112 iL 12211 and Li-Liu [23] proved 
the existence of extremal functions for Trudinger-Moser inequalities. Their idea was also em- 
ployed by the author i4d kll [42I1 to find extremal functions for various Trudinger-Moser type 
inequalities. For vector bundles over a compact Riemannian 2-manifold, Li-Liu- Yang obtained 
Trudinger-Moser inequalities in |24]. 

Among other contributions, we mention the following results. Using the method of blow-up 
analysis, Adimurthi-Druet |3] proved that when < a < /li(Q), there holds 



sup 

«Ew'--(n),||v, 



f 

«lb<i 



,4mr(l+fl'||«||;) 



dx < 00, 



where /ii(Q) is the first eigenvalue of Laplacian on bounded smooth domain f2 c M^. Moreover, 
the supremum is infinite when a > Ai(D.). Later this result was generalized by the author [43tl 
and Lu-YangSISIll. 

Although there are fruitful results on euclidian space and compact Riemannian manifolds, we 
know little about Trudinger-Moser inequalities on complete noncompact Riemannian manifolds. 
In this paper, we concern this problem. Let (M, g) be any complete noncompact Riemannian 
n-manifold. Throughout this paper, all the manifolds are assumed to be without boundary, and of 
dimension n > 2. We say that Trudinger-Moser inequality holds on (M, g) if there exist positive 
constants a, t and /3 such that 



sup 

MeWi-«(M),||«|h.^<l 



/ 

<i Jm 



n-2 

Z 

k=0 



k\ 



dvg</3, 



where 



llMlll, 



Vgu\"d\'g 



l/n 



+ T 



r \u\"dv, 

Jm 



I In 



(1.7) 



(1.8) 



If the above supremum is infinite for all a > and t > 0, then we say that Trudinger-Moser 
inequality is not valid on {M,g). Motivated by Sobolev embedding (Hebey lIlSll . Chapter 3), in 
this paper, we propose and answer the following three questions. 



(Qi) Which kind of complete noncompact Riemannian manifolds can possibly make Trudinger- 
Moser inequalities hold? 

(Qi) What geometric assumptions should we consider in order to obtain Trudinger-Moser in- 
equalities on complete noncompact Riemannian manifolds? 
{Qi) those geometric assumptions in (Q2) necessary? 

This paper is organized as follows: In Section 2, we state our main results. From section 3 to 
section 5, we answer the questions (2i)-(23), respectively. Adams inequalities are considered in 
section 6. Finally, Trudinger-Moser inequalities are apphed to nonhnear analysis in section 7. 

2. Main results 

In this section, we answer questions (Q\)-{Q3), and give an application of Trudinger-Moser 
inequality. Throughout this paper, we denote for simplicity a function ^ ; N x [0, 00) — > M by 

'-2 A 

^(/,f) = e'-2-, VZ>2. (2.1) 

k=0 ■ 

From {(4^, lemma 2.1 and lemma 2.2), we know that 

mt))''<ahqt) (2.2) 

and 

ai,t)<-aht^t) + -ai,yt). (2.3) 

for all I > 2, q > I, t e [0, 00), andju > 0, v > satisfying 1/jU + 1/v = 1. 

The following proposition answers question (Qi). 

Proposition 2.1. Let (M,g) be a complete Riemannian n-manifold. Suppose that Trudinger- 
Moser inequality holds on (M,g), i.e. there exist positive constants a, t and (3 such that ( I-/.7I ) 
holds. Then the Sobolev space W''"(M) is embedded in L^(M) continuously for any q > n. Fur- 
thermore, for any r > there exists a positive constant e depending only on n, a, t, (3 and r such 
that \o\g{Bx{r)) > e for all x e M, where B^{r) denotes the geodesic ball centered at x with 
radius r. 

From proposition 2. 1 we know that there are indeed complete noncompact Riemannian man- 
ifolds such that Trudinger-Moser inequalities are not valid, namely 

Corollary 2.2. For any integer n > 2, there exists a complete noncompact Riemannian n- 
manifold on which Trudinger-Moser inequality is not valid. 
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To answer question {Q2), we have the following: 

Theorem 2.3. Let (M, g) be a complete noncompact Riemannian n-manifold. Suppose that 
its Ricci curvature has lower bound, namely Rc(M,g) > Kg for some constant e M, and its 
injectivity radius is strictly positive, namely inj^^ > i'o for some constant i'o > 0. Then we have 

(i) for any < a < a„ - nco^J}" there exists positive constants r and/3 depending only on n, a, 
K and io such that ( I-/.7I ) holds. As a consequence, W^'"(M) is embedded in L'HM) continuously 
for any q > n; 

(ii) for any a > a„ and any r > 0, the supremum in ( li.7l ) is infinite; 

{Hi) for any ff > and any u e W''"(M), there holds ((n, a\u\"'^"-'^'>) e lUM). 

Now we turn to question (Qj). The following proposition implies that one of the hypotheses 
of theorem 2.3, the injectivity radius is strictly positive, can not be removed. 

Proposition 2.4. For any integer n > 2, there exists a complete noncompact Riemannian n- 
manifold, whose Ricci curvature has lower bound, such that Trudinger-Moser inequality is not 
valid on it. 



We shall construct complete noncompact Riemannian manifolds on which Trudinger-Moser 
inequalities hold, but their Ricci curvatures are unbounded from below. This implies that the 
other hypothesis of theorem 2.3, Ricci curvature has lower bound, is not necessary. Namely 

Proposition 2.5. For any integer n > 2, there exists a complete noncompact Riemannian n- 
manifold on which Trudinger-Moser inequality holds, but its Ricci curvature is unbounded from 
below. 



Let us explain the idea of proving proposition 2. 1 and theorem 2.3. The first part of conclu- 
sions of proposition 2.1, W''"(M) ^ LfiM) for all ^ > «, is based on an observation 



( dn,a\u\<"AdVg^ V ^ ( \u\<"-^dV; 
Jm ^! Jm 



To find some e > such that VolgiBxir)) > e for all x e M, we employ the method of Carron 



( III8II . lemma 3.2) who obtained similar result for Sobolev embedding. For the proof of theorem 
2.3, we first derive a uniform local Trudinger-Moser inequality (lemma 4.2 below). Then using 
harmonic coordinates and Gromov's covering lemma, we get the desired global Trudinger-Moser 
inequality. The proofs of corollary 2.2, proposition 2.4 and proposition 2.5 are all based on con- 
struction of Riemannian manifolds. 



Concerning Adams inequalities on complete noncompact Riemannian manifolds, we have 
the following: 

Theorem 2.6. Let (M, g) be a complete noncompact Riemannian n-manifold. Suppose that 
there exist positive constants C(k) and io such that |V*Rc(Af,g)| < C(k), k = 0, 1, ■ ■ ■ ,m - 1, 
^^)(Mg) - '0 > 0. Let j — n/m when n/m is an integer, and j — [n/m] -H 1 when n/m is not an 
integer, where [n/m] denotes the integer part of n/m. Then we conclude the following: 
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(0 there exist positive constants and [i depending only on n, m, C{k), k — 1, ■ ■ ■ ,m — I, and io 
such that 



sup I C{j^o:o\u\"-"')dvg </3. 

IWIIlV /™|M)<I Jm 



As a consequence, W'"'"^'"{M) is embedded in L''(M) continuously for any q > n/m; 
(ii)for anya>0 and any u € W"'"/'"(M), there holds ^(j, alu]"'^"-"'^) e L' (M). 

The proof of theorem 2.6 is similar to that of theorem 2.3. It should be remarked that the 
existing proofs of Trudinger-Moser inequalities or Adams inequalities for the euclidian space R" 
are all based on rearrangement argument, which is difficult to be applied to complete noncompact 
Riemannian manifold case. Our method is from uniform local estimates to global estimates. It 
does not depend on the rearrangement theory directly. 

Trudinger-Moser inequality plays an important role in nonlinear analysis. Let {M,g) be a 
complete noncompact Riemannian n-manifold. denotes its covariant derivative, and diVg 
denotes its divergence operator Assume the Ricci curvature of (M, g) has lower bound and 
the injectivity radius is strictly positive. We consider the existence results for the following 
quasilinear equation. 

- diVgdV^Mr^^VgM) + v(x)\u\"-\ = (p(x)f(x, u), (2.4) 

where v(x), tp(x) and f(x,t) are all continuous functions, and f(x,t) behaves like e"'"'^" " as 
t — > +00. In the case that {M,g) is the standard euclidean space M" and 4>{x) — \x\^^(0 < /3 < n) 



prob lem (12.4b has been studied by do 6 et. al. 1 13, 14], Adimurthi-Yang [4j\, Yang 14411 . Lam-Lu 
Eoll and Zhao li45ll . Let O be a fixed point of M and dg(-, ■) be the geodesic distance between two 
points of {M,g). Assume that (p{x) satisfies the following hypotheses. 

((f>i) 4>{x) e ifoj,(M) for some p > 1, i. e., for any R>Q there holds <p{x) e LP{Bo{R)); 

((p2) (p(x) > for all jc e M and there exist positive constants Co and Rq such that (p{x) < Co for 

all X e M \ Bo(Ro). 



The potential v(x) is assumed to satisfy the following: 

(vi) there exists some constant vq > such that v(x) > vq for all x e M; 
(V2) either v(x) e L^'^"-^\M) or v(ji:) ^ +00 as d^{0,x) — > +00. 

The nonlinearity fix, t) satisfies the following hypotheses. 

(/i) there exist constants ao, bi, b2 > such that for all (x, f) e M x M^, 

\f(x,t)\<bif-' +b2({n,aot"'^"-'>); 

(/2) there exists some constant ju > « such that for all x € M and f > 0, 

< nF(x, t)=fi\ fix, s)ds < tfix, t); 
Jo 
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(/s) there exist constants Ri,Ai > such that ift>Ri, then for all x e M there holds 

F(x,t) < Aif(x,t). 

Define a function space 

£ = |m e W''"(M) : J v(x)\u\"dvg < ooj . (2.5) 

We say that m e £ is a weak solution of problem ( I2.4l i if for all (/? e £ we have 

I (\WgU\"'^WgU'Vg(f + v(x)\u\"'^u(fi]dvg - I (f>(x)f(x,u)(fdvg. 
Jm " Jm 

Define a weighted eigenvalue for the n-Laplace operator by 

/^(|VjM|« + v{x)\u\")dvg 
inf ^ ^. (2.6) 

ueE,utO ^^(l,(x)\u\"dVg 

Then we state the following: 

Theorem 2.7. Lef (M, g) ^je a complete noncompact Riemannian n-manifold. Suppose that 

Rc(M,g) > Kg for some constant A" G R, awe/ injj^^j > i'o/or some positive constant /q. Asswrne 

that v(x) ;i a continuous function satisfying {v\) and (v'2), 0(x) is a continuous function satisfying 

(0i) and (cf>2), f '■ M xM. ^ Wis a continuous function and the hypotheses (f), (/2) and (fi) are 

satisfied. Furthermore we assume 

if a) lim sup,^o+ nF(x, t)/f < uniformly in x G M; 

(fs) there exist constants q > n and Cq such that for all (x, t) e M X [0, 00) 

f(x,t)>Cqt''-\ 

where 



{q-n)ln i ^^^^ ^(q-n){n-\) I n 



and 

. ^ {fj\^,ur^v(x)\undvgf" 

Sq - inf . (2.7) 

Then the problem ( 12.41 ) has a nontrivial nonnegative weak solution. 

Remark 2.8. We shall prove that S q can be attained (lemma 7.2 below). When (M,g) is the 
standard euclidian space M", 0(x) = \x\^^ for < /3 < n, (/i)-(/4) and 

{H5) Hminf,^+oo sf(x, s)e-'">''^ = /3o > M 

uniformly in x, where Ai is some sufficiently large number, we obtained similar existence result 
in II44II . The following proposition implies that the set of functions satisfying (/i)-(/5) is not 
empty and assumptions (/i)-(/5) do not imply (i/5). 
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Proposition 2.9. There exist continuous functions / : M x R ^ R such that if\)-{fs) are satis- 
fied, but (7/5) is not satisfied. 



We also consider multiplicity results for a perturbation of the problem (12.41 1. namely 

- diVg(|V^M|""2v^M) + v{x)\u\"-^u = (p{x)f{x, u) + e/i(x), (2.8) 

where h{x) € E*, the dual space of E. If /; ^ and e > is sufficiently small, under some 
assumptions there exist at least two distinct weak solutions to (12.8b . Precisely, we have the fol- 
lowing theorem. 

Theorem 2.10. Let {M, g) be a complete noncompact Riemannian n-manifold. Suppose that 
RC(M,^) > Kg for some constant A" e R, and inj^^^ > iofor some positive constant /q. Assume 
f(x, t) is continuous in M xM. and (/i)-(/5) are satisfied. Both v(x) and (f>(x) are continuous in M 
and (vi), (V2), (0i), (^2) O-re satisfied, h belongs to E*, the dual space ofE, with h> and h ^ 0. 
Then there exists eo > such that ifO<£<eo, then the problem H2.8\l has at least two distinct 
nonnegative weak solutions. 

The proofs of theorem 2.7 and theorem 2.10 are based on theorem 2.3, Mountain-pass theo- 
rem and Ekeland's variational princip le. Though similar idea was used in the case iM,g) is the 
standard euclidian space M" H , 13, 14 , 2^ 44 1, technical difficulties caused by manifold structure 
must be smoothed. 



3. Necessary conditions 

In this section, we consider the necessary conditions under which Trudinger-Moser inequality 
holds. Precisely we shall prove proposition 2.1 and corollary 2.2. Firstly we have the following: 

Lemma 3.1. Let (M, g) be a complete Riemannian n-manifold. Suppose that there exist constants 
q > n, A > and r > such that for all u € W''"(M), there holds 

J^lMryv.j ' <A\\u\\i,r, (3.1) 

where ||m||i,t is defined by ( 17. (St . Then for any r > there exists some positive constant e depend- 
ing only on A, n, q, t, and r such that for all x e M, VolgiB/r)) > e. 

Proof Let r > 0, X e M, and (f> e W''"(M) be such that = on M \ Bv(r). By Holder's 
inequahty, 

J^|0|"^/y,j < Vol,(B,(r))^-^^J^|0|'«fy,j 
This together with (13.1b gives 

(l-TAVolj(B,(r))^-i)Jj^|0|Vv,j %Ajj^(|V0rflfv,j . (3.2) 
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Fix X e M and R > 0. Then either 



or 



1 \nqKq~n) 

Vo\g{BAR))>\ — \ (3.3) 



1 \i^qi{q-n) 

Volg(B,(/?))<| — I . (3.4) 



If (13.41) holds, then we have 

l-TANo\g{BAR)y-'^ > 1/2, 
and whence for all r e (0, R] and all (p e W^'"{M) with <p-QonM\ B_,(r), 

,1/9 / 



(j^|#yv,j %2Ajj^(|V^r^v,J . (3.5) 



Now we set 

r-dg(x,y) when (ig(x,y) < r 



when (i„(x,3') > r. 



Clearly e W''"(M), = on M \ B_,{r), (p > rjl on B,,{r/2), and |V(/>| = 1 almost everywhere 
in B;t(r). It then follows from ( I3.5l l that 

^Volj(B,(r/2))'/« < 2AVol,(B,(r))'/". 

Hence we have for all r < R, 

Vol,(B,(r)) > (^)" Vol,(B,(r/2))«^''. 
By induction we obtain for any positive integer m, 

Vol,(B,(^)) > (— J (-1 Volg(S,(/J/2'"))(«/''>"', (3.6) 

where 

m m 

aim) = ^(n/^)^-', y8('«) = ^ ^'("Z^)'"'- 

On one hand we know from (10], Theorem 3.98) that Volg(Bj(r)) - ^^r"(l + o(r)), where iOn-i 
is the area of the euclidean unit sphere in M", and oir) — > as r — » 0. One can see without any 
difficulty that 

lim VoL(B^(i?/2'"))("^«>'" = 1. 

On the other hand we have 

CO oo 2 

■f— ' fl - n ■f--' (<7 - n)^ 

7=1 j=l vj / 
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Hence, passing to the limit m ^ oo in ( 13.6b . one concludes that 

/ \rtql(q-n) 

This together with (I3.3l l. (I3.4l l implies that 



WoUB .iR)) > min 



U ^1 

\2tA 2(29-«)/(9-")A J 



nqiiq-n) 



and completes the proof of the lemma. □ 

It should be pointed out that the above argument is a modification of that of Carron f lfisl] . 
lemma 3.2). Note that the condition ( 13.1b implies that W''"(M) is continuously embedded in 
WiM) for some q> n. This is different from the assumption of ([ 18], lemma 3.2). 

To prove proposition 2.1, we also need the following interpolation inequality. 

Lemma 3.2. Let t be any positive real number. Suppose there exist positive constants q\, q2, Ai 
and Ai such that q2> q\ > and 



/ 

Jm 



1/* 

iMl^t/yJ <AM\i,r (3.7) 



IM 

for all u e W''"(M), / = 1,2. Then for all q : qi < q < qi there exists a positive constant 
A — A(Ai, A2, q\,q2) such that 

u\'idv,\ <A||m||i,, (3.8) 

\Jm 

for all ue W^'"{M) 



Proof For any u e W''"(M) \ (0), we set u = m/||m||i,t. It follows from (O that 



/ 

Jm 



\u\''<dvg\ < A,-, / = 1,2. 



Assume q\ < q < q2- Since {iif < It^l*' + |m1^-, there holds 



r {updvg< f \u\'''dvg+ f [Til^^t/v^ < Af +Af . 
Jm Jm Jm 



JM Jm Jm 

Hence 



(^M'?^/y,j %(Af +Af)i|N|i,,. 
Take A = max{(Af + Af )i^«'' , (AV + AfY'i^}. Then follows immediately. □ 
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Proof of proposition 2.1. Assume there exist positive constants a, r and p such that (11.71 1 
holds. For any u e W''"(M) we set m' = m/||m||i,t- It follows from (11.7b that 



r 



Particularly for any integer k > n - I there holds 



dvg < p. 



/ 

Jm 



)M 

and thus 



^J«R.v,) ,(-^) INI,, 

For any q > n, there exists some k > n- 1 such that 

nA: n(k +1) 



n - 1 n - 1 

In fact we can choose k = [(n- l)p/n], the integer part of (n - l)p/n. By lemma 3.2, there exists 
a positive constant A depending only on n, q, a, and such that 



J iMr^V-jj ' < AllMlll,,. 



This implies that W^'^iM) ^ Ui(M) continuously. Now we fix some q > n, say q - n + 1. Then 
by lemma 3.1, there exists some constant e > depending only on n, a, r, p and r such that for 
all xeM, VoL(B.,-(r)) > e. □ 



Proof of corollary 2.2. For any complete noncompact Riemannian w-manifold (M,g), if 
Trudinger-Moser inequality holds, then by proposition 2.1, there exists some constant e > such 
that Voli;(B^(r)) > e for all x e M. Hence if there exists some complete noncompact Riemannian 
«-manifold (M, g) such that 

inf VoL(B,.(r)) = 0, 

xeM 

then we conclude that Trudinger-Moser inequality is not valid on it. Now we construct such 
complete Riemannian manifolds. Consider the warped product 

M^RxN, git, 0) = dt^ + f(t)dsl, 

where (A^, ds^) is a compact (n - 1)-Riemannian manifold, dt^ is the euclidian metric of M, and 
/ is a smooth function satisfying f(t) > 0, Vf € M and lim,^+oo/(f) = 0. If y - (ti,mi) and 
z - it2,ni2) are two points of M, then dg(y,z) > \t2 - t\\. This together with the compactness of 
implies that (M, g) is complete. In addition, for any x - (f , m) € M, there holds 

c{t-l,t+l)xN. 
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Therefore 

Voly(B,(l)) < Vol^ ((f - 1, f + 1) X A?) 

< V0l^,:(A^) J f(t)dt 

= 2Vol,,.(A^)/(^) 

as f +00, (3.9) 

where we used the integral mean value theorem, ^ is some point in (/ - 1, f + 1). This gives the 
desired result. □ 



4. Sufficient conditions 

In this section, we investigate sufficient conditions under which Trudinger-Moser inequality 
holds. Precisely we shall prove theorem 2.3 and proposition 2.4. Firstly we have the following 
key observation: 

Lemma 4.1. Let B()(5) c K" be a ball centered at with radius 6. IfO < a < a„ - nci)]l^" ^^\ 
then there exists some constant C depending only on n such that for all u e W^'"(M>q(5)) satisfying 
L Wu\"dx < I, there holds 

f dn,a\u\^)dx<C6"i—] [ {Vu^dx. (4.1) 
Proof Letu = m/||Vm||z,.(Bo(,5)). Since ||VM||z.«(Bo(i)) < 1 and < o' < we have 

OO I.. . _nk_ 

l^^nMuV-^) = 2^ — ^ 



k\ 

\n-\ 



^ II^«IIl"(B„W)(^) (4.2) 
It follows from the classical Trudinger-Moser inequality (( 11.2b with q-q replaced by a„) that 

r ^(«,a„[Sl^)t/x < C5" (4.3) 

Jbo((5) 

for some constant C depending only on n. Integrating ( 14.2! ) on Bo(5), we immediately obtain 
(14.11 ) by using ( 14.31 ). This concludes the lemma. □ 

Let (M, g) be a complete Riemannian n-manifold with RiC(M,!;) > Tig for some e M and 
inj(^^) > /() for some /o > 0. Then we have the following local version of Trudinger-moser 
inequality which is the key estimate for the proof of theorem 2.3: 
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Lemma 4.2. For any a : Q < a < a„ there exists some constant 6 depending only on n, a, K and 
i'o such that for all x & M and all u € C^(B^((J)) with \^ gU^v'(B^(S)) ^ 1, there holds 



\ i;,{n,a\u\^\dv^<C \ \l^u\''dVf, 



IM JM 

for some constant C depending only on n, a, K and Iq. 



Proof By (Hebey lllSll . theorem 1.3), we know that for any e > there exists a positive constant 
6 depending only on e, n, K and io satisfying the following property: for any x e M there exists 
a harmonic coordinate chart cp : B^iS) M." such that (f)(x) = 0, and the components (gji) of g in 
this chart satisfy 

e-'6j, < gji < e'dji 

as bilinear forms. One then has that (p(Bxi6)) c M{){e^^^6). Let m be a function in C|^(B^((5)) and 
l|VgM||L"(B,(5)) < 1. It is not difficult to see that 

r \VgU\"dVg > e-"' f \V{uo(p-^)(x)\"dx, (4.4) 

f dn,a\u\^)dvg < e"''^ f dn,a\{u o (l)-^)(x)\^Adx. (4.5) 

For any fixed a : Q < a < ctn, there exists some eo depending only on n and a such that when 
< e < eo, it follows from ( 14.41 ) and gu\\i«(B,(S)) < 1 that 

|V(m o (/,-^)(x)\"dx\ < ae"'""-"-^^ < a„. 



Now let e = eo be fixed and S depending only on eo, n, K and io be chosen as above. By lemma 
4.1, there exists a constant Ci - Ci(n) depending only on n such that 

1 ^(n,Q'|(Mo0-i)(x)|^)t/x< Cie"*^V 1 |V(Mo0-i)(x)|"t/x. 

This together with ( 14.4b and ( 14.51 ) implies that 

r dn,a\u\^)dvg <Cie^"'"6" f \'^u\"dvg. 
Jm Jm 

Take C - Cie^"*5". We conclude that C depends on n, a, K and i'o. □ 



Proof of theorem 2.3. (i) For any a : < a < a,,, let 6 - 6(n, a, K, io) be chosen as in lemma 
4.2. Independently, by Gromov's covering lemma (Hebey llSll . lemma 1.6), we can select a se- 
quence (xj) of points of M such that 

(fl) M = \JjB_,.{6/2), and for any ; ^ I there holds B_,j(6/4) n B^,(^/4) = 0; 

(b) there exists depending only on n, K and 6 such that each point of M has a neighborhood 

which intersects at most of the B i ,(5)'s. 
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For any j, we take a cut-off function 4>j 6 C'^{Bxj{S)) satisfying < 4>j < 1, 4>j = 1 on 8^^(6/2), 
and \^g(f)j\ < 4/6. It follows that for all j 

|V,<^2| ^ 2cl>j\V,cPj\ < ^cPj. (4.6) 

By the covering properties (a) and (b), we have 

1 < ^ ipjix) < N for all x e M. (4.7) 

Set T -8/6. Assume u e C|5°(M) satisfies 

INIi,r = (^|VM|Vv,j ^ +Tj^|«r«'y,j <1. 
It follows from (14.6b and the Minkowvsky inequality that 

|V,(^2^)|Vv,,j < J |V,M|Vv,j + ( |Vg02|«|„|«^v,^j < < 1. 

In view of lemma 4.2, this leads to 

n,a\u\~^dvg < J" ^(n,a\u\~^dvg 



dv 



< y f dn,a\c/>]u\^) 

jJb,(xj) 



g 



< CV r Wi^prdvg (4.8) 
J Jm 

for some constant C depending only on «, a, K and /q. In addition we have by using ( 14.61 ) and 
< 0; < 1 that 

r \vg{c/>]u)\"dvg < r r ivjMi" + ivg02|"i„i«uv,^ 

Jm Jm 

Jm o Jm 

In view of (14.71 ). it follows that 



Jm Jm 

16". 



This together with (I4.8l l implies 



< 2'W + A^. 

T(5« 



^ ^{n,a\u\-^^)dvg<C 
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for some constant C depending only on n, a, K and iq. By the density of C^(M) in W^-"(M), the 
inequahty (11.7b holds for the above a, r and C. 

By proposition 2. 1, we have that W''"(M) is continuously embedded in U'{M) for any q>n. 

(ii) Fix some point z e M, let r = r{x) = dg(z, x) be the geodesic distance between x and z- 
Without loss of generality, we may assume the injectivity radius of (M, g) at z is strictly larger 
than 1 . Take a function sequence 



f 1, 



4>eix) = 



when r < e 



(log ^) log i, when e < r < I 
0, when r > 1. 



Then <pf: € W "(M) and for any constant t > there holds 



1 



(l-«)/n 



I In 



1+0 



loge 



Il0.lll,r = l^log - 

Set 0f - (pel\\4'(:\\\,T- Then we have on the geodesic ball BAe) c M, 



k=0 



log^ 



n-2\ 



Note that aoj > n for any a > a„. Hence, when a > a„, we have 



/ 

Jm 



((n,a\4>,\"-' )dvg 
(l+o,(l))e« 

n 

+00 as e — > 0. 



+ 0,(1). 



This ends the proof of (/;). 

{Hi) Take oq : < < a„. By (0 there exists some tq = To(n, ao, 'o) > such that 



A„„ := sup I ({n,ao\u\"- 
ll"lli,r„<i Jm 



-I )dvg < 



Given any a > and any u e W''"(M). Since C^(M) is dense in W '"{M) under the norm 
II ■ llw'"(M)^ which is equivalent to the norm || ■ ||i ,-0, we can choose some mq g Cq(M) such that 



2"-'a\\u - Molli';'„ < ao. 
Since ^(n, f) is increasing in t for f > 0, we obtain by using ( 12.31 1 



(4.9) 



I f(n, a|M|"-' )'^v'^ ^ I ^(n,2"-iQ'|M 
Jm Jm 



mqI"-' + 2"-' alwol""' )'^v'g 



< — I ^(n,2"-' afj.\u - U()\"-')dVg 
1^ Jm 



- r ^(«,2A 

V Jm 



av|Mol""' )dvg, 



(4.10) 
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where + 1/v = 1. In view of ( 14.9b . we can take fi > 1 sufficiently close to 1 such that 



Hence 

I ^(n,2^aii\u-uo\^)dvg <Aa,. (4.11) 
Jm 

Since mq g C^(M), particularly mq has compact support, there holds 

I ((n,2^av\ua\^)dvg <oa. (4.12) 
Jm 



Combining ( 14.10b . (14.11b and ( 14.12b . we obtain 

I ^(«, Q;|M|~)(iv^ < oo. 
Jm 

This completes the proof of (Hi). □ 



Now we shall prove proposition 2.4. Let us recall some notations from Riemannian geometry. 
In any chart, the Christoffel symbols of the Levi-Civita connection are given by 

r-j = Is"" [diSmj + djg„i - d„,gij) , (4.13) 

where gj/s are the components of g, (g'') denotes the inverse matrix of {gij). Here and in the 
sequel the Einstein's summation convention is adopted. Denote the Riemannian curvature of 
(M, g), a (4, 0)-type tensor field, by Rm^M,^)- The components of Rm(M,i.) are given by the relation 

RiM, = g.a (5,r;, - 5,r;, + r^,r^, - r^r^ . (4. i4) 

Similarly, the components of the Ricci curvature Rc(m,^) of (M, g) are given by the relation 

Rij ^ g'^'Riajfi. (4.15) 

Proof of proposition 2.4. In view of proposition 2.1, it suffices to construct a complete non- 
compact Riemannian n-manifold (M, g) such that its Ricci curvature has lower bound and there 
holds 



inf VoL(B^(l)) = 0. 

xeM 

Again we consider the warped product 

M = RxN, gix, 0) = dx^ + f{x)dsl, 

where (A^, ds^j^) is a compact (n - 1)-Riemannian manifold, dx^ is the euchdean metric of M, and 
/ is a smooth function satisfying f{x) > 0, Vx e K. In the following we calculate the Ricci 
curvature of {M,g). In some product chart (R x U,Id x (p) {{x,y^, ■ ■ ■ ,/')), gn - 1, g\a - 0, 
gaf} = fhafs, = 1, g^-" = 0, and g"l^ = f-^h"l^. Equivalently 



g^dx^ + f(x)hafjdy"d/, 
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where (hajs) denote components of the metric dsj^. Here and in the sequel, all indices a, /3, fi, v 
and A run from 2 to n. In view of ( 14.131 ). the Christoffel symbols of the Levi-Civita connection 
was calculated as follows: 

1 f 

^1 _ r"" — ri — n rfi — ^uB^ „ — J 



where ^ is equal to 1 when a = /3, and when a ^ /3, F^^'s are components of the Christof- 
fel symbols of Levi-Civita connection on (A^, dsj^). In view of (14.141) . the components of the 
Riemannian curvature reads 

- 2ff" 
= 4^ f'^P 

= Y {-dpllay + dyhap - hpfjT'^ay + hy,,^''^/^) 

= fRaPyfi + gaA {^y j - j T^^) 
= fRaPyii + {haiihpy - hayhpf^ , 

where Rapyij's denote the components of Riemannian curvature of (A^, ds^). In view of ( 14.15b . 
we get the components of the Ricci curvature as follows. 



R\i - g"^R\a\p 

R\a - g^^R\pay 

r 



2/ 

Rap = g^^Raipi + g'^'Rofipv 

(2-«).f^-2/.r , ~ 

- i^ap + Kap, 

where Rap's are components of the Ricci curvature of {N,ds^). If we assume the functions /, 
/'// and /"// are all bounded, then in the chart (R x U,Id x <p), the eigenvalues of the matrix 
(Rji) and the matrix (gji) are uniformly bounded. Thus there exists some constant /Ti e R such 
that (Rji) > K\{gji). Note that (A^, t/s^) is compact. There exists some constant e R such that 
RiC(M,g) ^ Kg as bilinear forms. If we further assume lim^^+oo fix) - 0, then by (13. 9t . we have 
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Volg(Bv(l)) ^ as X ^ +00, where y - (x,m) e K x N. One can check that the following 

functions satisfy all the above assumptions on /. 

• / is a smooth positive function defined on R and satisfies 




i / is a smooth positive function defined on R and satisfies 



when X > 2 

log A- 



1, when X < 0. 

This gives the desired result. □ 

5. Proof of proposition 2.5 

In this section, we shall construct complete noncompact Riemannain n-manifolds to show 
that the condition Ricci curvature has lower bound in theorem 2.3 is not necessarily needed. 

Proof of proposition 2.5. It suffices to construct a complete noncompact Riemannian n- 
manifold on which Trudinger-Moser embedding holds, but its Ricci curvature has no lower 
bound. For this purpose, we consider the Riemannian manifold (M", g), where R" is the euclidian 
space and 

g^dx\+ f(xi)dxl + ■■■+ f{xi)dxl, 

and / is a smooth function on R such that a < f <b for two positive constants a and b. Clearly 
(R",g) is complete and noncompact. In view of Trudinger-Moser inequality on the standard 
euclidian space R" H, 12, 32|, one can easily see that if a is chosen sufficiently small, then the 
supremum 



sup I ^{n,a\u\'''-'-\dVg 

tJW).ll«ll„,i„<l Jr" 



»eH" °(jW),|M|^i,„<l . 

is finite, i.e. Trudinger-Moser inequality holds on the manifold (R", g), where 



In the following, we shall further choose / such that the Ricci curvature of (R",g) is un- 
bounded from below. By ( 14.151 1, 

f'^ -Iff" 

Rn^in-iy——^. (5.1) 

It suffices to find a sequence of points (x*'"') of R" such that /?ii(x*'"*) — » -oo. One choice of / is 
that /(f) = 2 -H sin f^. In this case, we have 

f'(xi) - 2 + 2xi cosxj, f"{x\) - 2cosxj - 4xj sinxj. 



18 



Thus ( 15.1b implies 

(2 + 2xi cos x?)^ - 2(2 + sin x? )(2 cos x? - 4x? sin x? ) 

^ii(x) = (n - 1) — : — r- . 

4(2 + sin xf )2 

Choosing x*") = ( V^^^^tFTI^, 0, ■ ■ ■ , o), we obtain 

/?ii(x*™') = -4mn — 3n + n — \ — > -oo as m — > oo. 
Another choice of / is that /(f) = e^'"''. In this case, we have 

/'(xi) = 2xie''"'lcosxJ, /"(xi) = e™-'i(-4x^sinx^+4xJcos2x^ + 2cosx^). 
In view of (15.11 ). we obtain 

Ri\{x) - {n - 1)(2X[ sinxj + x\ cos^ x\ - 2x\ cos^ x\ - cos x\). 
Again, we select X*'"' = ( yjlmn + 37r/2, 0, ■ ■ ■ , o) and conclude /?! j (x<"')) — > — oo as m ^ oo. □ 

6. Adams inequalities 

In this section, we concern Adams inequalities on complete noncompact Riemannian man- 
ifolds. Precisely we shall prove theorem 2.6. The method we adopted here is similar to that of 
theorem 2.3. 

Proof of theorem 2.6. (i) Suppose that inj^^^j > /o > and there exist constants C{k) such that 
|V*Rc(M,^)| < C(k), ;t = 0, 1, ■ ■ ■ ,m - 1. It follows from (Hebey iH], theorem 1.3) that for any 



Q > I and a e (0, 1), the harmonic radius rn - rniQ, m, a) is positive. Namely, for any Q > I, 
a e (0, 1), and x e M, there exists a harmonic coordinate chart if/ : BJ^rn) — > M" such that 

Q^^Sig < giq < QSiq as a bilinear form; 

(6.1) 

Tj\<\l3\<m \\(^ glq\\C(B,{rH)) + Ii^S|=m 11^^ glq\\cHB,(rH)) <Q-l. 

Now we fix 2 > 1 and a e (0, 1). Without loss of generality, we may assume i/'(x) = 0. 
Particularly we have that for any r : < r < rH 

Bo(r/ Ve) c <P(BAr)) c B„( ^fQr). 
Let 7/ e C"(]R") be such that < /; < 1, and 

1 on Bo(rH/(4Ve)), 
on R" \ Bo(rH/(2 ^fQ))■ 

Then t] o tff e C^(M) satisfies < tj o i// < I, rj o ip = Ion B,^(rH/(4Q)), and 77 o i/r = on 
M \ Bjc(rH/2). By Gromov's covering lemma (Hebey ifisll . lemma 1.6), there exists a sequence 
of points (xk) of M such that 

M = UiB,,(r„/(40) (6.2) 
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and there exists some integer A' such that for any x e M, x belongs to at most A' balls in the 
covering. Let iA^. : Bx^irn) — » R" be as the above if/ and set rjk - tjo i/zj^. By ( 16.1b . the components 
of the metric tensor are C'"-controlled in the charts (Bx^irn), ^k)- It then follows that there exists 
some constant C\ > depending only on kh and Q such that IV^T/tl < C\ for all all / : < / < m 
and all A: e N, where V(, is defined by (11.3b . 

Assume u € C°°(M) satisfies ||M||iy'".n/»i(M) ^ 1- Then we get 



and 



iivr(r'»)iiLi(., 



in ID) 



<C2 



(6.3) 



for some constant C2 depending only on n, m, and Ci . By the standard elliptic estimates (Gilbarg- 
Trudinger iflBll . Chapter 9), one can see that 



llv;^„((7,r'«)o<A,:')ll,f(B„(VG.«))^C3 



(6.4) 



for some constant C3 depending only on n, m, Q, rn and C\. Let j be the smallest integer great 
than or equal to n/m. Similarly as we derived (14.8b . we calculate by using ( 16.2b . (16.3b and the 
relation (J - l)n/{n- m) > n/m 



M 



i{j,a:\u\'--'»^dvg 



z 

k 

Z 



V JB.,i('-«/(4G)) 

f(;;a|7;r'«|-)«'v. 



B,ArHl2) 



^iiv-(/7r'«)iiLi(i,. 



\l('-«/2)) 



Z 



iiv™(/7r'« 



C2 

'"i^(Bv,.('-///2)) 



/2) 



f(;;ffC2^|77r'«|-)fl'v,. (6.5) 



Noting that 2 '<5/fy < ^/ty < 2^/<r/ a bilinear form, we have 

r f(;;ffC2^|;7r'«l^)«'^'«^G^ r f(;>C2™|(77r'«)°'A,"'l^)«'-^- (6-6) 



In view of (16.4b . we take 

Then for any a : < o- < co, it follows from Adams inequality ( 11.4b that 



(6.7) 



r ^(j>Cf'"|(77r'«)°<At'l™)«'x<C,„,„|Bo(Ve'-H)l- (6.8) 
Jbo( VG/-«) ^ ' 



Clearly there exists some constant C4 > depending only on n, m, Q and rn such that 

|V^7/^"+'p <C4/7;i, VZ = 0,1,--- ,m. 
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(6.9) 



Since I <'Zk Vkix) < N for all x 6 M, we obtain by combining (I6.5l l-( I6.9I ) that 

Jm t Jm 



m p 

m „ 

1=0 /t 
m p 



< Ce 

for constants C5 and Ce depending only on n, m, Q and r//, where = 7r(fn)T- 

According to (Hebey U^, theorem 2.8), C^(M) is dense in W"'^(M). Hence for any u e 
W"'''<(M), there exists a sequence (ui;) in C^(M) such that \\uk - M||jy,„,i^^j ^ as A- — > 00. 
Assume l|M||(ym.ii(^) < 1- Then for any a : < a < ao there holds 

I dj,a:\u\^)dvg < lim | ^(;, a|Mt|^) t/vj < Ce- 

Using the same method of deriving W' "(M) <^ U'{M) continuously for all ^ > n in theorem 
2.3, we obtain the continuous embedding W™'"^™(M) U'{M) for any q > n/m. 

(ii) Let ff > be any real number and u be any function belonging to the space W"'™(M). 
Since C^(M) is dense in W"''^(M), there exists some mq € C^{M) such that 

allM-MolL^^,,, <ffo/2, (6.10) 
where qq is defined by ( 16.71 ). Using ( 12.31 ) and an elementary inequality 

\af < (l+£)\a-bf + c{e,p)\b\P, 
where e > 0, p > 1 and c(e, p) is a constant depending only on e and /:>, we have 

I ^(7, Q'|m|'™ jc/v^ < I ^( j, (1 + e)^!!^ - Mol"™ + c(e, n/(n - ot))ck|mo| " jc/vg 
Jm ' Jm 

< - r ^(jXI + e)a|M- Mol™)iivg 

+ - r ^(y, vc(e,«/(n - m))Qf|M()|~)iiv„, (6.11) 
yjM ^ ' " 

where yL> 1, v > 1 and + l/v= 1. Choosing e sufficiently small and yU sufficiently close to 
1 such that //(I + e)a{)/2 < a^, in view of (I6.IOI 1. we have by part (/) 



/ 

Jm 



((^j,p{l + e)a\u - UQ\"-"<^dVg < Ce- (6.12) 



M 
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Note that uq e C^iM), particularly mq has compact support. It follows that 

((^j,vc{e,n/(n - m))a\uo\~^ dvg < oo. (6.13) 
Inserting ( 16.12b and ( 16.13b into ( 16.111 ). we complete the proof of part (;;). □ 

7. Applications of Trudinger-Moser inequalities 

In this section, we consider applications of theorem 2.3, namely the existence and multiplicity 
results for the problem ( 12.4b and its perturbation ( 12.81 ). Specifically we shall prove theorem 2.7 
and theorem 2.10. Throughout this section, we use the notations introduced in section 2. Let 
{M,g) be a complete noncompact Riemannian n-manifold with Rc(M,g) > Kg for some € M 
and inj(j^^) > /o > 0. Assume satisfies the hypotheses (0i) and (^2), v{x) satisfies the 
hypotheses (v'l) and (v'2). Let £ be a function space defined by ( 12.51 ). If m e £, then the E-norm 
of u is defined by 

ll«ll£ = ( r (|V,M|" + v\undvg 
\Jm 

The following compact embedding result is very important in our analysis. 
Proposition 7.1. For any q> n, the function space E is compactly embedded in U'iM). 




Proof. Let (m^) be a sequence of functions with \\uk\\E < C for some constant C. It suffices to 
prove that up to a subsequence, (m^) converges in L^iM) for any q > n. Clearly {uk) is bounded 
m W''"(M), and thus we can assume that for any q> 1, up to a subsequence 

Uk Mo weakly in E 

Uk UQ strongly in L'l^^iM) (7.1) 
Mjt Mo a. e. in M. 



If v(x) e L'^'""'^(M), using the same argument of (||44ll. Lemma 2.4), we conclude that E ^ 
L'^(M) compactly for any q > I. So, in view of (V2), we may assume v{x) — > 00 as dg{0, x) — > 00, 
where (9 is a fixed point of M. Given any e > 0, there exists some R > such that v{x) > (2C)"/e 
when dg{0, x) > R. Hence 



(2C)" 



J\uk - uo\"dvg < I v\uk - UQ\"dvg < (2C)". 
M\Bn(K) Jm 



>M\Bo{R) Jm 

This gives 

\uk - uo\"dVg < e. 



/ 



>M\Bo{R) 

By ( 17.1b . we have 



lim I \uk- uo\"dvg - 0. 



Hence for the above e, there exists some / e N such that when k > I, 

\uk - uo\"dVg < 2e. 



j 

Jm 



M 
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This implies uq strongly in L"(M) as k ^ oo. 

It follows from (/) of theorem 2.3 that (m^) is bounded in L^iM) for any q > n. Now fixing 
q > n,we get by Holder's inequality 



I \uk- UQ\''dvg <i I lut - Ui)\"dvg\ I \uk- uol'^dvg] 
Jm \Jm I \Jm I 

This together with the fact that Uk — > mq in L"{M) implies — > uq in WiM). □ 

Let 5^ be defined by (12.7b . Then we have the following: 
Proposition 7.2. For any q> n, S q is attained by some nonnegative function u e E \ {0). 
Proof. Assume ^ > n. It is easy to see that 

S"^ inf r il^^ur + v\u\")dvg. 

Choosing a sequence of functions (uk) c E such that (p\uk\idvg - 1 and 

lim r (IVM^r+vlMiD^/y, =5" 
Jm 

By proposition 7.1, there exists some u e E such that up to a subsequence, Uk ^ u weakly in E, 
Uk ^ u strongly in WiM) for any q > n, and Uk u almost everywhere in M. Since u^ ^ u 
strongly in U{Bo(Rq)) for all s > 1 and (f> e L''(Bo(Ro)), we have by using Holder's inequality 
that 



In view of (va), we have 



Vg = I cf>\u\' 



Hm I (;A|Mi|'5't/Vj, = I <^|M|^t/v^. (7.2) 

Bo(Ro) 



Jm\Bo(Ro) Jm 



qCal^^Jukfdv^ ^(X'" 

(/ 



1-1/9 



as A: ^ oo. 



This together with (I7.2l i implies 

I 0|m|''£/v^ = lim I 0|Mi|'?£/v^ = 1. (7.3) 
Jm k^'^JM 



IM i^^°°Jm 
Since u^ ^ u weakly in E, we have 



( \Vu\"dVg^ lim I \Vu\" ^VuVukdvg < lim sup i I \Vuk\"dvg\ (| |VMrc/v^j 
Jm k^°°JM k^oo \Jm I \Jm I 
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from which we obtain 



r IVmI'Wv,; < Hm sup r \Vuk\"dvg. (7.4) 

Jm " k^oo Jm 



>M k^co Jm 

In addition, we have by Fatou's lemma 

I v|M|"c/vg < Hmsup I v\uk\"dvg. (7.5) 
Jm " k^co Jm 

Combining ( I7.3l l, ( I7.4l i and ( I7.5l l, we conclude that is attained by m e £ \ {0). Since \u\ e £, 
one can easily see that Sg is also attained by \u\. □ 

Now we get back to the problem (12.4b . Since we are interested in nonnegative weak solutions, 
without loss of generality we may assume f{x, f) = for all (x, t) e M x (-oo, 0]. By (/i), we 
have for all (x, t) e MxR, 

\F(x,t)\<^\t\" + b2tdn,\t\^). 
This together with (0i), (^2) and (12.2b implies that for any u e E there holds 



'0 I F(x, u)dvg 

JM 



^F(x,u)dVg < M\\v'(Bo(Ro))\\Pi^^'^)\\L'i(M) + 

M Jm 

< M\\li'(Bo<.Ro)) {^M\ui"{M) + biWu^in, |mR)||l'!(M) 

+Co — I|m|II»(M) + C()b2\\uC(n, |MR)||ti(M) 



< C^||m||2,„(jw) + l|M|b"(M)llf(n, -^|m|"" 



+ l|M||L"(A/)ll^(n, )\\V(M) j . 



where C is a constant depending only on n, b\, b2, Co and \\<P\\d'(Bo(Ro))' ^^'^ ^IP + 1/? = 1- By 
theorem 2.3, m e U(M) for all 5 > «, and for any a > there holds f(n, a|M|~) e L}{M). Hence 



I 0F(x, u)d\'g < +00, e E. 

JM 

Based on this, we can define a functional on E by 

J{u)^-\\u\\l- \ (f>F(x,u)dvg. (7.6) 
« Jm 



By (IliSDj proposition 1) and the standard argument 0411 . we have J e C^(E,W). Clearly the 
critical point of 7 is a weak solution to ( 12.41 ). Concerning the geometry of J, the following two 
lemmas imply that / has a mountain pass structure. 

Lemma 7.3. Assume that (/i), (/2), and ( f^) are satisfied. Then far any nonnegative, compactly 
supported function u e E \ {0), there holds J(tu) — > -00 as t ^ +00. 
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Proof. By (/2) and (/s), there exist c\, C2 > and jj > n such that F(x, s) > cis^ - C2 for all 
(x, s) e M X [0, +00). Assume suppM c BoiRi) for some Ri > 0. We have 



t 

J(tu) = — I|m||£ - I (f>F{x,tu)dvg 



n 



pavg 



< -\\u\\l-cif f (pu''dvg-C2 f 
This gives the desired result since (p{x) > for all a: e M and fi > n. □ 

Lemma 7.4. Assume that (/i) and (/4) are satisfied. Then there exist sufficiently small constants 
r > and 6 > such that J(u) > 6 for all u with \\u\\e — r. 

Proof. By (/i) and (f/i), there exists some constants e (0,1) and C > such that 



F(x,s) < ^-L^!^\s\" +C\sr'dn,ao\s\^) 
n ^ ' 



for all (x, s) e M X R. By definition of A^, 

(1- 



^ r <P\urdvg < —\\u\\l. (7.7) 
n Jm n 



Note that <p satisfies (<pi) and ((f>2)- We have by Holder's inequality and (12.21 1 that 

,1/9 



jj\ur'({n,ao\u\^)dVg < ||0|b(B,(«„)) J |«|<"^"«flfvjj («,?'aol«l^)«'v, 

+Co(j^|M|<"^"^^/y,j ''{^jj{n,yao\u\^)dvg'^ \ (7.8) 



where l/p + 1/^ + 1/^' = 1 and l/y6 + 1/y = 1. Fix a - /3o/2, where /3o is defined by (11.51 ). It 
follows from (/) of theorem 2.3 that there exists some constant r depending only on a, n, K and 
io such that 

A„ := sup I ^(n, alwl^jt/v^ < +00. (7.9) 

||«||i.r<i Jm 

Let r be a positive constant to be determined later. Now suppose ||m||£ = r. It is easy to see that 
||m||i,t < r + Tr/v,y". Clearly one can select r sufficiently small such that q'ao\\u\\"^f^"^^^ < a and 
yaollwllff < a. It follows from that 



and 



sup I {(n,q'a[)\u\"-'^dvg < Aa 
ii\\E=r Jm 



sup I f (n,yao|M|""')'^vv - ^ff' 

ll«ll£=r Jm 



provided that r is chosen sufficiently small. Inserting these two inequalities into (17.81) . then using 
the embedding E ^ U{M) for all i > n (proposition 7.1) and ( 17.7b . we obtain 

m > -\\u\\i - c\\u\\"i' 

n 
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for some constant C depending only on a, n, K and /q, provided that ||m||e is sufficiently small. 
This gives the desired result. □ 



To estimate the min-max level of /, we state the following: 



Lemma 7.5. Assume (/s). There exists some nonnegative function u* & E such that 

sup J{tu ) < - 

f>0 n \ poQ I 

Proof. Let u* be given by proposition 7.2, namely u* > 0, ||m*||£ = S q, and j^<f>\u*\'^dvg - 1. 
Then for any f > there holds 



J(tu') - 



1 . r 

~ I (p{x)F(x,tu*)dvg 
n Jm 



-If _ Zlf 

n q 
q - niiq 

nliq-n) 



nq c 

^ 1 Up -Dan 
n \ pao 

Here we have used the hypothesis (/s). □ 

Adapting the proof of ( 1,441 . lemma 3.4), we obtain the following compactness result. 

Lemma 7.6. Assume (/i), (/2) and (f^). Let (uj) <Z E be an arbitrary Palais-Smale sequence of 
J, i.e., 

J{uj) c, J'iuj) — > in £■* as j — » oo, (7.10) 

where E* denotes the dual space of E. Then there exist a subsequence of (uj) (still denoted by 
(uj)) and u € E such that uj — ^ u weakly in E, uj — > u strongly in U{M) for all q > n, and 

( Vuj(x) -> Vm(x) a. e. in M 

[ (f>(x)F(x, Uj) (/)(x)F(x, u) strongly in L^{M). 

Furthermore u is a weak solution of i2.4\l . 

Proof. Assume (uj) is a Palais-Smale sequence of J. By ( 17.10b . we have 



c as y ^ oo, 



-llMjIlf- r (l>(x)F(x,Uj)dv. 

I (\VgUj\"-^VgUjVgl// + v\Uj\"-^Uj>J/)dVg- I 4>(x)f(x,Uj)tffdVg 

Jm Jm 



< 0-: 



(7.11) 
(7.12) 



for all ifr e E, where ctj -> as ; — > oo. Note that f{x, s) = for all (x, s) e M x (-oo, 0]. By 
(fi), we have < iuF{x, uj) < Ujf(x, uj) for some fi > n. Taking >// - uj in ( 17.121 ) and multiplying 
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( 17.1 11 1 by ^, we have 

(- - A\\^}\\"e ^ + I 0W {nF{x, Uj) - f(x,Uj)uj)dvg + o-j\\uj\\E 

< ^\c\+0-j\\Uj\\E. 

Therefore ||m;||£ is bounded. It then follows from (17.1 lb and ( 17.121 ) that 

j (p(x)f(x,Uj)ujdvg < C, I (f>(x)F(x,Uj)dvg < C (7.13) 
Jm Jm 

for some constant C depending only on ju, n and c. By proposition 7.1, there exists some u e E 
such that Uj u weakly in E, uj u strongly in UiM) for any q > n, and uj — > u almost 
everywhere in M. By (/s), there exist positive constants Ai and Ri such that F(x, s) < Aif{x, s) 
for all i > 7?i . Particularly for any A > Ri there holds 

F{x, s) < Ai fix, s), Vi>A. (7.14) 

Now we prove that ^(x)F(x, uj) — » (^F(jf, u) strongly in L}(M). To this end, for any e > 0, we 
take A > max{AiC/e,Ri}, where C is given by (17.131 1. Then we have by (17.14b 

j (f>(x)F{x,Uj)dvg < — 1 (p(x)f{x,Uj)Ujdvg < e. (7.15) 
J\uj\>k ^ Jm 

In the same way 

(x)F(x,u)dvg < e. (7.16) 



/ 

JIhI; 



'\ii\>A 

By (fi), we have for (x, s) e M x [0, oo) 



k=n-l 



"0 

Hence for all (x, s) e M x [0, A] there holds 



fix, s) < (bi + /72<,-'Ae'''"^'^) 



It follows that 

bi +b2a';'^Ae"o^'^ 

Fix, s) < s", Vs e [0,A]. 

n 

for all (x, s) e M X [0, A], which implies 

\<f>(x)x{\u,\<A}{x)F(x, uj)\ < Cicf>(x)\uj\", (7.17) 
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where Ci = (bi + b2aQ ^Ae"°^""" ")/n and X{\ui\<A]{x) denotes the characteristic function of the 
set {xe M : |m/x)| < A}. By an inequahty Hal" - \b\"\ < n\a - b\{\a\"-^ + \b\"-^)(\/a,b e R) and 
Holder's inequality, we get 

1 (f>\\uj\" -\u\"\dvg < nf <p\uj-u\(\ujr^ +\ur^)dvg 
Jm Jm 

Hence ^\uj\" ^\u\" in L}{M) since Uj u strongly in L"{M). In view of ( 17.171 ). we conclude 
from the generalized Lebesgue's dominated convergence theorem 

lim (f)(x)x{\i,,\<A](x)F(x,Uj)dvg = (f>(x)x\\u\<A\(x)F(x,u)dvg. 
Jm Jm 

This together with (17.15b and (17.16b implies that there exists some m e N such that when j > m 
there holds 



I (pF(x, Ujjdvg - I <pF{x, u)dVf 
Jm Jm 



< 3e. 



Therefore 



lim I <pF(x, Uj)dvg — | (pF(x, u)dvg. 
Jm Jm 

Using the same method as that of proving (101, (4.26)), we have V gUj{x) V^m(x) for almost 
every x e M and 

\VgUj\"''^VgUj \Vgu\"''^VgU weakly in (l^(M))" . 
Passing to the limit j — > oo in ( 17.12b . we obtain 

I (lVgMr"^VgMV(/r + v\u\''-^u\p) dvg - I (p(x)f(x, u)i//dvg = 
Jm Jm 

for all ij/ e C^iM). Since C^(M) is dense in E under the norm || ■ ||£, m is a weak solution of 
(ES). □ 



We say more words on lemma 7.6. Suppose (M,g) is the standard euclidian space M" and 
(f)(x) = \x\-f^, < j6 < n. The author iH proved that (l>F{x,Uj) 4>F(x^) in L^(M") under 
the assumption E ^ L''(M.") compactly for all ^ > 1. While Lam-Lu |20?1 observed that the 
convergence still holds under the assumption E ^ L^^(M") for all q > n. Here we generalized 
these two situations. 



The following lemma is a nontrivial consequence of theorem 2.3. It is sufficient for our use 
when we consider the existence and multiplicity results for problems ( 12.41 ) and ( 12.8b . 

Lemma 7.7. Let (uj) <z E be any sequence of functions satisfying WujWe < 1, uj uq weakly in 
E, ^gUj — > VgUQ almost everywhere in M, and uj — > uq strongly in L"(M) as j — > oo. Then 
(i) for any a : < a < a„, there holds 

sup I ((n,a\uj\'^]dvg < oo; (7.18) 
j Jm ^ 
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(ii) for any a : < a < a„ and q : < q < (1 - HmoII^) there holds 

sup I ^ (n,qa\uj\~^ dvg 



< oo. 



(7.19) 



Proof, (i) For any fixed a : < a < a,,, it follows from part (/) of theorem 2.3 that there exists a 
positive constant Tq, depending only on a, n, K and /q such that 



< oo. 



(7.20) 



Sa = sup I ^(n,a\u\"-')dvg 

«eWi-"(M),|M|,.r„<l Jm 

Note that v > vq in M. Since ||m;||£ < 1, we get 

ll«,lli,T„ = i^jjVgu/dVgJ + r„ J£|M/Wv,j" < 1 + 



There exists some small positive number ao such that aol|M;IIJ ,1 ^ Hence by ( I7.20l i. there 
holds 



sup I ^(n,ao|Mjl""')'^v'g ^ sup I ^ 















n, a 






V 







dv„ < Sa- 



This allows us to define 



a* - sup -j a : sup I f (n, Qf|Mj| " i ) t/vy 
I y Jm 



< oo 



To prove ( 17.181 1, it suffices to prove that a* > a„. Suppose not, we have a* < an- Take two 
constants a' and a" such that a* < a' < a" < a„. By part (/) of theorem 2.3 again, there exists 
some constant Ta" depending only on a" , n, K and /q such that 



Sa" - sup I (\n,a"\u\"-AdVj^ 

«eH"-"(M), „<1 Jm 



(7.21) 



Since uj ^ uq strongly in L"(M) and VgM^ VjMq a. e. in M, we obtain by using Brezis-Lieb's 
lemma 160 

ll"y-"0lll,T„„= ( WgUfdVg- j \VgUQ\"dVg] +0/1), 

where Oj(l) ^ as j — > oo. Since uj mq weakly in E, there holds 

lim I \V gUo\"^^'V gUoV gUj dvg - I \VgUo\"dvg. 
Jm Jm 

This immediately implies that 

I I VgMo riivg < lim sup I IV^m/, 
Jm ;->+'» Jm 

Hence 

l|Mj - Molll,T„„ < 1 + Oj(l). 
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t/v'„ < 1. 



It follows from ( 12.31 1 that for any e > there exists some constant c depending only on e and n 
such that 

^(n,a'|M;|^) < -({n,a\l + e)//|M; - mqI^) + -C{n,a'cv\uo\^^) , (7.22) 
^ y 

where l//i+l/v=l. Choosing e sufficiently small and yU sufficiently close to 1 such that 

a'(l + e)iA\uj - Moll;7^_^„ < a", 
provided that j is sufficiently large. This together with ( 17.21b implies that 

sup I C[n,a'(\ + e)n\uj - uo\^)dvg < Sa"- (7.23) 
j Jm 

In addition, we have by part (///) of theorem 2.3 that 

I dn,a'cv\uo\^)dvg < +c<y. (7.24) 
Jm 

Inserting (17.231 1 and ( 17.24b into (17.221 ). we get 

sup I ^(n, Q-'lMjl^^t/v,, < +00, 

j Jm 

which contradicts the definition of a* and thus ends the proof of part (;). 

(//) Given any « : < a < a,, and any ^ : < ^ < (1 - \\uo\\l)-^'^"-^\ By (|23]l, Ve > 0, there 
exist constants c > Q, jj > 1 and v > I (l/fi + l/v - I) such that 

1 ( (n,qa\uj\~) dvg < — j f(n,^Q'(l + e)/z|My - Mol~)'^v'y H — j ( (n,qacv\uQ\~] dvg. 
Jm Jm ^ Jm 

By Brezis-Lieb's lemma 

IK -«ollf <(l-||«oll£)^ +oj(l). 
If we choose e sufficiently small and /u sufficiently close to 1 such that 

qa(l + e)iJ.\\uj - mqH^ ' < {a + a„)/2, 
provided that j is sufficiently large. It then follows from part (/) that 

sup I ((n,qa(l + e)ij\uj - uo\~)dVg < +O0. 
j Jm ^ 

By part (///) of theorem 2.3, we have 

I C,(n,qacv\uo\~\dVg < +oo. 
Jm 

Therefore ( |7l9] l holds. □ 
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Remark 7.8. In lemma 7.7, if mq = 0, then the conclusion of (ii) is weaker than that of (/)■ If 
Mo S 0, then the conclusion of (/) is a special case of that of (//). If (M, g) has dimension two, the 
assumption V^My — » V^mq almost everywhere in M can be removed. 

Proof of theorem 2.7. It follows from lemma 7.3 and lemma 7.4 that J satisfies all the hy- 
pothesis of the mountain-pass theorem except for the Palais-Smale condition: / e C' 
7(0) = 0; J(u) > 6 > when ||m||£ = r; J{e) < for some e e E with ||e||£ > r. Then using the 
mountain-pass theorem without the Palais-Smale condition 1,34.1 , we can find a sequence {uj) in 
E such that 

J(uj) ^ c> 0, J'(uj) ^ in £■*, 



where 



c = min max J(u) > 6 

yer tiey 



is the min-max value of J, where F = {y e C([0, l],^) : yiO) - 0, y(l) - e}. This is equivalent 
to (17.11b and (17.12b . By lemma 7.6, up to a subsequence, there holds 

Uj u weakly in E 

Uj — > u strongly in U^iM), 'iq>n 

r r (^-2^^ 

lim 4>(x)F(x, u j)dvg = 4>(x)F(x, u)dvg 

M is a weak solution of ( 12.4b . 

Now suppose by contradiction m = 0. Since F{x, 0) = for all x € M, it follows from ( 17.1 lb and 
(IT25] lthat 

lim WujWl = nc > 0. (7.26) 



By lemma 7.5, < c < ^ \ pao " j ' Thus there exists some t/q > and m > such that 

WujW^ < ^ ~ '7o) for all j > m. Choose ^ > 1 sufficiently close to 1 such that ^aollM^llg ' ^ 
(1 - l/p)an - ao'7o/2 for all ; > m. By (/i), 

\f(x,Uj)uj\ < bi\uj\" + b2\uj\((n,ao\uj\'^y 

It follows from (12.2b . Holder's inequality, and part (/) of lemma 7.7 that 

I (fi\f(x,Uj)uj\dVg < bi I 4>\u i\" dv g + bi I <p\uj\((n,a{)\uj\~\dvg 
Jm Jm Jm 

^\uj\"dvg + b2^j 0|M/'<iVgj (p^(n,qao\uj\''-i'jdVf^ 



< bi I (f)\uj\"dvg + ci \ (f>\uj\'''dvg\ ^0 as ; ^ oo, 
Jm ' \jm " / 

where l/q + l/q' = 1 and C is some constant which is independent of j. Here we have used 
( 17.25b again (precisely Uj — » m in UiM.^) for all r > n) in the above estimates. Inserting this into 
( 17.12b with ifr - Uj, we have 

||m;||£-^0 as y^oo, 
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1/9' 



which contradicts (17.261 1. Therefore m ^ and we obtain a nontrivial weak solution of ( 12.41 ). 
Finally u is nonnegative since f{x, s) =0 for all (x, s) e M x (-oo, 0]. □ 

Proof of theorem 2.10. Since the proof is very similar to that of (f47l, theorem 1.2), we only 
give its sketch and emphasize the difference between these two situations. Instead of 7 : £ — > R 
defined by ( 17.6b . we consider functionals for all m e £ and e > 



Jeiu) - — \ (f>(x)F(x,u)dvg - f 1 hudvg 

n Jm Jm 



Firstly, lemma 7.6 still holds if we replace J by J^. Namely for any Palais-Smale sequence 
{uj) c £ of J^, there exist a subsequence of iuj) (still denoted by (uj)) and u e E such that 
Uj u weakly in E, uj — > u strongly in Lfl{M) for all q > n, and 

WgUj(x) Vgu(x) a. e. in M 

p{x)F(x, u j) 4>(x)F(x, u) strongly in L\M) (7.27) 
M is a weak solution of ( I2.8l l. 



Secondly, using the same method in the first two steps of the proof of f 114411 . theorem 1.2), we 
have the following: 

(a) there exist constants e\ > 0, <5 > 0, and a sequence of functions {vj) c E such that Jeivj) cm 
and J'^iyj) — > as j — > oo, provided that < e < ei . In addition, Vj is bounded in E, vj um 
weakly in E and is a weak solution of ( 12.8b . Here cm is the min-max value of and satisfies 

1 / , 1 \ a:„ 



0<CM<-1-- — -6; (7.28) 
n\ pj yaoj 

(b) there exists a constant £2 : < £2 < £] such that for any £ . < £ < £2, there exist positive 
constant r^ with — > as e — > and sequence (uj) c E such that 

Jeiuj) — » Cf = inf Je{u) < 0, J'^iuj) — > in E* as j — > 00. 

Il«ll£<''6 

In addition, uj uq strongly in E, where uq is a weak solution of (12.8b with J({uq) - c^. 

Thirdly, there exists eo : < eo < Q such that if < e < eo, then um ^ uq. Suppose by 
contradiction that um = uq. Then vj uq weakly in E. By (a), 

JeiVj) ^ CM > 0, \{J'^(vj), ^)| < r,||^||£ (7.29) 

with — > as j — > 00. On one hand we have by ( 17.271 ). 

I <p{x)F(x,Vj)dvg ^ I (/){x)F(x,UQ)dvg as _/ — > 00. (7.30) 
Jm Jm 

On the other hand, since vj uq weakly in E and h e E*,it follows that 

I hvjdvg — » I hu[)dvg as — > 00. (7.31) 

Jm " Jm 
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Inserting (17.301 1 and (17.31b into the first equality of ( 17.291 1, we obtain 



Jm 



-llvjllg - Cm + I (l>(x)F(x, uo)dVg + e I hu[)dvg + Oj(l). 
n Jm 

In the same way, one can derive 

-IImjHb - Ce+ r (f>(x)F(x, uo)dVg + f 1 hui)dvg + o;(l). 
« Jm Jm 

Combining ( 17.321 ) and (17.331) , we have 

I|v,||^-||moI|£ = «(cM-c, + o/l)). 



(7.32) 



(7.33) 



(7.34) 



From (b), we know that — > as e — > 0. This together with (17.281) leads to the existence of 
eo : < eo < £2 such that if < e < eo, then 



I (p-lon 
{) < Cm - < -' 



Write 



Wi = 



\\Vi\\E 



Wo = 



n \ p Co 
Mo 



n-l 



(7.35) 



(IImoII^ + n{cM - Cf)) 



Un- 



it follows from (17.34b and Vj uq weakly in E that wj wq weakly in E. Note that 

r cf,(x)dn,ao\vf^"-'^)dVg^ f cp(x)dn,aQ\\vj\\f"-'%\"''"-'Adv^ 
Jm Jm 

By ( 17.34b and (17.35b , a straightforward calculation shows 



lim aolKlir (1 - \M"e)~ <\l- -Jan. 

Hence lemma 7.7 together with ( 12.31 ) implies that 0(x)^(n, ffolv/'^*""'*) is bounded in WiM) for 
some q : 1 < ^ < n/(n - 1). By (/i), 

|/(x,v,-)| < feilv/-' +/72^(n,aoK-R). 

By the definition of ^ there exists a constant c > such that 

\f(x,Vj)x{\vj\<\]{x)\ < c\vj\"'\ \f(x,Vj)x[\v,\>i\(x)\ < c({n,aQ\vj\^i), 

where xb denotes the characteristic function of B c M. Hence 



I <p(x)f(x,Vj)(Vj- 

Jm 



UQ)dVc 



< c 



' 4>{x) (|v/'-' + an, aolv.'R)) \vj - m\dvg 

M 



< cM\v 



+c ||0^(n, ao|v;R)||^,(^j ||v; - Mo||i,,'(M)- 



33 



Since I < q < n/(n - 1), we have q' > n. Then it follows from the compact embedding 
E ^ UiM) for all r>n that 



/ 

Jm 



/ 

Jm 



(736) 



(7.37) 



(7.38) 



lim I (f)(x) f{x, Vj)(vj - uo)dVg - 0. 
Taking tp - vj - mq in (17.29b . we have by using (17.31b and (17.36b that 

[l^^gvf-^^gVjVgivj - mo) + v{x)\vjr^Vjivj - uo))dVg ^ 0. 

Jm 

However the fact v„ uq weakly in E leads to 

(|V,Mor"^Vj,MoV^^(vj - Uq) + v(x)\uo\"'^UQ(vj - uo))dvg 0. 

IM 

Subtracting (17.38b from ( 17.371 ). using the well known inequality (see ll26[l . chapter 10) 

2"-^\b-a\" <{\b\"-^h-\a\"-^a,b-a), Ma,beW, 

we have \\vj - mqH^ — » as j — » oo. This together with ( 17.34b implies that cm - c^, which is ab- 
surd since cm > and < 0. Therefore um * uq. Since fix, s) = for all (x, s) e M x (-oo, 0], 
one can easily see that um >0 and mq > 0. This completes the proof of the theorem. □ 

Finally we shall construct examples of /'s to show that (/i)-(/5) do not imply (//s). 

Proof of proposition 2.9. Let (p satisfies the hypotheses (0i) and (^2). p > Ihe given in (^i), / be 
an integer satisfying I > n, q - nl/(n - 1) + 1 and S qhe defined by (12.7b . In view of lemma 7.2, 
Sq is attained by some nonnegative function u e E. Let Q be a positive number such that 



Cq > 



q — n 

q 



{q-n)in 



pao 



(p - \)a„ 



(q-n)(n-l)/n 



^q- 



hetx '■ [0, cx)) ^ R be a smooth function such that < x ^ l,;^' = Oon [0, A],;i^ s 1 on [2A, 00), 
and \x'\ < 2/A, where A is a positive constant to be determined later We set 



fit) 



2'nCqZti ^'^-f"^^\ t>o 

{ 0, t<Q. 
Now we check (/i)-(/5) for appropriate choice of A as follows. 

(/i): If A > 1, then < t"^'-"-^^ -^-(0?'^*""" < for all t > 0. Thus 

(r^ -X(t)t^f 



fit) 



2'1\C, 



z 

A=() 



k=0 



< 2'l\Cq((n,t' 



.«/(«-!) 



) 

34 



for all f > 0. So (/i) is satisfied when A > 1. 
(/2): When t e [0,A], we have;tf(f) - and 



f(t)dt = 2'nc, y -^dt < 2'i\c,t V = tf{t). 

When f > A, we claim that if A is chosen sufficiently large, say A > 4" then 

/■ 

Ja 



-dt < 



k\ ~ (k+\)\ {k+\) 

In fact, if we set 



r(0 = 17, dt jj^^^ + 



k\ {k + \)\ {k + \y: 

then j{A) - and 

y'(t) = ^ ^ - ^ T''"' -X (t)t'.-^ -x{t)t-'- 

k\ k\ \n- I n - 1 

Let A > 4" ' . Then for t e [A, oo) there holds 

n -L s J- 1 ,.-^--1 I « 2\ 1 1 i_i 



n-1 n-1 \n-lA/ 

« 2 1 



> 4 

> 1. 



n-1 4(«-l) 4(n-l)2 



Hence j'(t) <0 and thus our claim ( 17.401 1 holds. Note that 



f— A~ /t+ 1 _ 1 A~ 

-dt ; A ~ < 



'o kl + i ~(k+iy.' 



It follows from (I7.40l i and (I7.41l i that when f > A, 



Jo 



■dt < 



k\ ~ {k+l)\ 

and whence 



Jo 



f{t)dt < fit) < -tf(t) 





for some ju > «. This together with ( 17.391 ) impUes that (/i) holds, 
(/s): Let A > 4""' . In view of ( 17.421 ). when f > A, 

F(f)= r f(t)dt<f(t). 
Jo 
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Hence (/s) is satisfied. 

(/4): Since l> n,wc get F(t)/f -> as f -> 0+. Hence (/a) holds. 

(/s): Note that - r'/*""" > f'^"-^^ /2 for all ? > 2. Let A > 2. Then for all ?> A there holds 
When ? e [0, A], we get 

Hence (/5) is satisfied. In short, f(t) satisfies (/i)-(/5) if A > 4""'. 
Finally we check that {H5) does not hold. When t > 2A, we have 



fit) = 2'/!C, 



V k=0 



It follows that 



Urn tfit)e 

»+oo 



Thus /(/) does not satisfy (H5). □ 
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